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a b s t r a c t
This paper deals with free vibration problems of Euler–Bernoulli beam under various
supporting conditions. The technique we have used is based on applying the Adomian
decompositionmethod (ADM) to our vibration problems. Doing some simplemathematical
operations on the method, we can obtain ith natural frequencies and mode shapes one at
a time. The computed results agree well with those analytical and numerical results given
in the literature. These results indicate that the present analysis is accurate, and provides a
unified and systematic procedurewhich is simple andmore straightforward than the other
modal analysis.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The vibration problems of uniform Euler–Bernoulli beams can be solved by analytical or approximate approaches [1–4].
Using analytical approaches, the closed form solutions of free vibration under various boundary conditions have been found
in these literature. Approximate approaches such as the Rayleigh–Ritz method and the Galerkin method have been applied
to calculate some lower natural frequencies and mode shapes. However, it may be difficult to determine higher natural
frequencies and mode shapes on account of not choosing complete and correct admissible functions. Register [5] derived a
general expression for the modal frequencies and investigated the eigenvalue for a beam with symmetric spring boundary
conditions. Wang [6] studied the dynamic analysis of generally supported beam using Fourier series. Yieh [7] studied the
applications of dual MRM for determining the natural frequencies and natural modes of the Euler–Bernoulli beam using the
singular value decomposition method. Recently, Kim [8] studied the vibration of uniform beams with generally restrained
boundary conditions using Fourier series. Naguleswaran [9] obtained an approximate solution to the transverse vibration
of the uniform Euler–Bernoulli beam under linearly varying axial force.
In this study, a new computed approach called Adomian decomposition method (ADM) is introduced to solve the
vibration problems. The concept of ADM was first proposed by Adomian and was applied to solve linear and nonlinear
initial/boundary-value problems in physics [10]. In recent years, a large amount of literature developed concerning the ADM
by applying it to the applications in applied sciences. For more details about the method, see [11–15] and the references
cited there. In this paper the vibration problems of uniform beams with various boundary conditions are considered. Using
the ADM, the governing differential equation becomes a recursive algebraic equation and boundary conditions become
simple algebraic frequency equations which are suitable for symbolic computation. Moreover, after some simple algebraic
operations on these frequency equations, any ith natural frequency and the closed form series solution of any ithmode shape
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can be obtained. Finally, three problems of uniform beams are solved to verify the accuracy and efficiency of the present
method.
2. The principle of ADM
In order to solve vibration problems by the Adomian decomposition method (ADM) the basic theory is stated in brief in
this section. Consider the equation
Fy(x) = g(x), (1)
where F represents a general nonlinear ordinary differential operator involving both linear and nonlinear parts, and g(x) is
a given function. The linear terms in Fy are decomposed into Ly+Ry, where L is an invertible operator, which is taken as the
highest-order derivative and R is the remainder of the linear operator. Thus, Eq. (1) can be written as
Ly+ Ry+ Ny = g(x), (2)
whereNy represents the nonlinear terms in Fy. Eq. (2) corresponds to an initial-value problem or a boundary-value problem.
Solving for Ly, one can obtain
y = Φ + L−1g − L−1Ry− L−1Ny, (3)
where Φ is an integration constant, and LΦ = 0 is satisfied. Corresponding to an initial-value problem, the operator L−1
may be regarded as a definite integration from 0 to x. In order to solve Eq. (3) by the ADM, we decompose y into the infinite
sum of series
y =
∞∑
k=0
yk, (4)
and the nonlinear term Ny = f (y) is decomposed as
Ny = f (y) =
∞∑
k=0
Ak, (5)
where the Ak are known as Adomian polynomials. Following [10–14], Adomian polynomials can be derived as follows:
A0 = f (y0),
A1 = y1f ′(y0),
A2 = y2f ′(y0)+ y
2
1
2! f
′′(y0),
A3 = y3f ′(y0)+ y1y2f ′′(y0)+ y
3
1
3! f
′′′(y0),
and other polynomials can be generated in a similar manner.
Plugging Eqs. (4) and (5) into Eq. (3) gives
∞∑
k=0
yk = Φ + L−1g − L−1R
∞∑
k=0
yk − L−1
∞∑
k=0
Ak. (6)
Each term in series (6) is given by the recurrent relation
y0 = Φ + L−1g,
yk = −L−1Ryk−1 − L−1Ak−1, k ≥ 1. (7)
The initial term y0 was defined and the remainder terms were determined by using simple integrations. However, in
practice all terms in series (6) cannot be determined exactly, and the solutions can only be approximated by a truncated
series
∑n−1
k=0 yk.
3. Using the ADM to analyze the free vibration problem of uniform beam
Consider a uniform Euler–Bernoulli beam of finite length l, the equation of motion for lateral vibrations of a uniform
elastic beam ignoring shear deformation and rotary inertia effects is
EI
∂4y(x, t)
∂4x
+ ρA∂
2y(x, t)
∂2t
= 0, 0 < x < l (8)
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where y(x, t) is the lateral deflection at distance x along the length of the beamand time t, EI, ρ andA are the flexural rigidity,
the mass per unit volume and the cross-sectional area of the beam, respectively. The beam subjected to the homogeneous
boundary conditions is given as[
cr3
∂3y(x, t)
∂3x
+ cr2 ∂
2y(x, t)
∂2x
+ cr1 ∂y(x, t)
∂x
+ cr0y(x, t)
]∣∣∣∣
x=0
= 0, r = 1, 2 (9)
and [
dr3
∂3y(x, t)
∂3x
+ dr2 ∂
2y(x, t)
∂2x
+ dr1 ∂y(x, t)
∂x
+ dr0y(x, t)
]∣∣∣∣
x=l
= 0. r = 1, 2. (10)
The beam has 4 boundary conditions, two at the left end x = 0 and the other two at the right end x = l. The 16 constants,
crj, drj (r = 1, 2, j = 0, 1, 2, 3), depend on the given types of the boundary conditions.
For any mode of vibration, the lateral deflection y(x, t)may be written in the form
y(x, t) = Y (x)h(t), (11)
where Y (x) is the modal deflection and h(t) is a harmonic function of time t . If ω denotes the frequency of h(t), then
∂2y(x, t)
∂2t
= −ω2Y (x)h(t), (12)
and the eigenvalue problem of Eq. (8) reduces to the differential equation
EI
d4Y (x)
d4x
− ρAω2Y (x) = 0, 0 < x < l (13)
which must be satisfied throughout the domain 0 < x < l and which is subject to the given homogeneous boundary
conditions at two ends x = 0 and x = l. Without loss of generality, the following dimensionless quantities are introduced.
X = x
l
, Y (X) = Y (x)
l
, λ = ρAω
2l4
EI
. (14)
The governing equation (13) can be written in the following dimensionless form:
d4Y (X)
d4X
− λY (X) = 0, 0 < X < 1 (15)
and the boundary conditions of Eqs. (9) and (10) can be written in the form:[
αr3
d3Y (X)
d3X
+ αr2 d
2Y (X)
d2X
+ αr1 dY (X)dX + αr0Y (X)
]∣∣∣∣
X=0
= 0, r = 1, 2 (16)[
βr3
d3Y (X)
d3X
+ βr2 d
2Y (X)
d2X
+ βr1 dY (X)dX + βr0Y (X)
]∣∣∣∣
X=1
= 0, r = 1, 2 (17)
or
3∑
j=0
αrjY (j)(0) = 0, r = 1, 2 (18)
3∑
j=0
βrjY (j)(1) = 0, r = 1, 2 (19)
where the 16 constants, αrj, βrj (r = 1, 2, j = 0, 1, 2, 3), are dimensionless and Y (j)(X) denotes the jth-order derivative
with respect to X , and sets Y (X) = Y (0)(X).
In Eq. (15), the linear operator is set to be LY = Y (4)(X), and the nonlinear operator is NY = 0. Hence the deflection Y (X)
can be solved by the ADM. From Eqs. (2) and (15) one can obtain
Y (X) = Φ + L−1λY (X), (20)
where L−1 = ∫ ∫ ∫ ∫ · · · dXdXdXdX . Now the decomposition Y (X) =∑∞k=0 Yk(X) can be put together with Eq. (20) to yield
Y (X) =
∞∑
k=0
Yk(X) = Φ + λL−1
∞∑
k=0
Yk(X), (21)
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where we have
Y0(X) = Φ =
3∑
m=0
Xm
m! Y
(m)(0)
= Y (0)+ Y (1)(0)X + Y
(2)(0)
2! X
2 + Y
(3)(0)
3! X
3, (22)
as the initial term of the decomposition, and
Yk(X) = λL−1Yk−1(X) = λ
∫ x
0
∫ x
0
∫ x
0
∫ x
0
Yk−1(X)dXdXdXdX, k ≥ 1, (23)
as the recurrence relation of the decomposition. Consequently, all components of the decomposition can be identified and
evaluated from Eq. (23). That is, by substituting Eq. (22) into Eq. (23), one can obtain
Y1(X) = λL−1Y0(X) = λ
3∑
m=0
X4+m
(4+m)!Y
(m)(0), (24)
Y2(X) = λL−1Y1(X) = λ2
3∑
m=0
X8+m
(8+m)!Y
(m)(0), (25)
and
Yk(X) = λL−1Yk−1(X) = λk
3∑
m=0
X4k+m
(4k+m)!Y
(m)(0). (26)
In practice, the solution will be the n-term approximation
φ[n](X) =
n−1∑
k=0
Yk(X) =
n−1∑
k=0
λk
3∑
m=0
X4k+m
(4k+m)!Y
(m)(0)
=
3∑
m=0
[
n−1∑
k=0
X4k+m
(4k+m)!λ
k
]
Y (m)(0), (27)
and from the convergence of ADM [15], φ[n](X) approaches Y (X) as n→∞.
Y (X) = limn→∞ φ[n](X) =
∞∑
k=0
Yk(X). (28)
We can now form successive approximants, φ[n](X) = ∑n−1k=0 Yk(X), as n increases and the boundary conditions are
also met. Thus φ[1](X) = Y0(X), φ[2](X) = φ[1](X) + Y1(X), φ[3](X) = φ[2](X) + Y2(X) serve as approximate solutions
with increasing accuracy as n → ∞, and is also obligated to, of course, satisfy the boundary conditions. By differentiating
Eq. (27) with respect to X , one can obtain
[
φ[n](X)
](1) = d[φ[n](X)]
dx
=
n−1∑
k=1
X4k−1
(4k− 1)!λ
kY (0)+
3∑
m=1
[
n−1∑
k=0
X4k+m−1
(4k+m− 1)!λ
k
]
Y (m)(0), (29)
[
φ[n](X)
](2) = d2[φ[n](X)]
dx2
=
1∑
m=0
n−1∑
k=1
X4k+m−2
(4k+m− 2)!λ
kY (m)(0)+
3∑
m=2
n−1∑
k=0
X4k+m−2
(4k+m− 2)!λ
kY (m)(0), (30)
[
φ[n](X)
](3) = d3[φ[n](X)]
dx3
=
2∑
m=0
n−1∑
k=1
X4k+m−3
(4k+m− 3)!λ
kY (m)(0)+
n−1∑
k=0
X4k
(4k)!λ
kY (3)(0). (31)
Hence, at the left end X = 0, [φ[n](0)](j) = Y (j)(0), (j = 0, 1, 2, 3) are obtained and at the right end X = 1, [φ[n](1)](j)
are functions of λ, n and Y (j)(0), (j = 0, 1, 2, 3). By use of these results, the boundary conditions of Eqs. (18) and (19) can
be written as
3∑
j=0
αrjY (j)(0) = 0, r = 1, 2 (32)
3∑
j=0
f [n]rj (λ)Y
(j)(0) = 0, r = 1, 2 (33)
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where f [n]rj (λ) are polynomials of λ corresponding to n. By solving Eqs. (32) and (33) simultaneously for nontrivial solutions
Y (j)(0), (j = 0, 1, 2, 3), the ith estimated eigenvalue λ[n]i corresponding to n is obtained, and n is decided by the following
equation:∣∣∣λ[n]i − λ[n−1]i ∣∣∣ ≤ ε, (34)
where λ[n−1]i is the ith estimated eigenvalue corresponding to n−1, and ε is a preset small value. If Eq. (34) is satisfied, then
λ
[n]
i is the ith eigenvalue λi. Substituting λi into Y1(X), Y2(X), . . ., and Yk(X), we have
φ
[n]
i (X) =
n−1∑
k=0
Y [i]k (X), (35)
where Y [i]k (X) is Yk(X)whose λ is substituted by λi, and φ
[n]
i is the ith eigenfunction corresponding to the ith eigenvalue λi.
By normalizing Eq. (35), the ith normalized eigenfunction is defined as
φ
[n]
i (X) =
φ
[n]
i (X)√∫ 1
0 [φ[n]i (X)]2dX
, (36)
where φ
[n]
i (X) is the ith mode shape function of the beam corresponding to the ith natural frequency ω
[n]
i , ω
[n]
i =√
λ
[n]
i
√
EI/ρAl4. For the convenience of analysis, we defined the dimensionless natural frequency ω[n]i , ω
[n]
i =
√
λ
[n]
i .
One can solve Eqs. (32) and (33) simultaneously to find the eigenvalue λ, but it is complicated and tedious. Hence, the
simplified method is provided and it is to reduce the number of the equations in Eqs. (32) and (33) by the known boundary
conditions of the beam at the left end X = 0. One can choose any two quantities of Y (j)(0), (j = 0, 1, 2, 3), as the arbitrary
constants, and the remaining two as the functions of these two arbitrary constants, then only two equations in Eq. (33)
can be easily solved for the nontrivial solutions and the frequency equation for eigenvalue λ can be obtained. Hence, let us
discuss the various boundary conditions at the left end X = 0 and consider three cases as follows:
Case 1: Free end at X = 0.
The shear force and bendingmoment are zero at X = 0, that is Y (2)(0) = 0, Y (3)(0) = 0, and Y (0), Y (1)(0) are considered
as the arbitrary constantswhich depend on the given boundary conditions at the right end X = 1. The n-term approximation
in Eq. (27) can be written as
φ[n](X) =
n−1∑
k=0
X4k
(4k)!λ
kY (0)+
n−1∑
k=0
X4k+1
(4k+ 1)!λ
kY (1)(0). (37)
Hence, Eq. (33) can be simplified as
f [n]r0 (λ)Y (0)+ f [n]r1 (λ)Y (1)(0) = 0, r = 1, 2. (38)
For nontrivial solutions Y (0), and Y (1)(0), the frequency equation is given as∣∣∣∣f [n]10 (λ) f [n]11 (λ)f [n]20 (λ) f [n]21 (λ)
∣∣∣∣ = 0. (39)
The ith estimated eigenvalue λ[n]i corresponding to n is obtained by Eq. (39), and n is decided by Eq. (34), by substituting
λ
[n]
i into Eq. (38), one can obtain
Y (1)(0) = − f
[n]
r0 (λ
[n]
i )
f [n]r1 (λ
[n]
i )
Y (0), r = 1 or 2. (40)
Furthermore, the ith mode shape φ[n]i corresponding to the ith eigenvalue λ
[n]
i is obtained by Eqs. (40) and (37)
φ
[n]
i (X) = Y (0)
n−1∑
k=0
(λ
[n]
i )
k
[
X4k
(4k)! −
f [n]r0 (λ
[n]
i )
f [n]r1 (λ
[n]
i )
X4k+1
(4k+ 1)!
]
. (41)
Furthermore, without loss of generality, let us consider the free–free beam, whose ends x = 0 and x = l are connected
by translational springs and rotational springs as shown in Fig. 1. The boundary conditions at x = 0 and x = l are given as[
EI
d2Y (x)
d2x
− kRL dY (x)dx
]∣∣∣∣
x=0
= 0, (42)[
EI
d3Y (x)
d3x
+ kTLY (x)
]∣∣∣∣
x=0
= 0, (43)
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Fig. 1. An elastic Bernoulli–Euler beam with rotational and translational boundary restraints.
and [
EI
d2Y (x)
d2x
+ kRR dY (x)dx
]∣∣∣∣
x=l
= 0, (44)[
EI
d3Y (x)
d3x
− kTRY (x)
]∣∣∣∣
x=l
= 0 (45)
where kTL and kTR are the translational spring constants, kRL and kRR are the rotational spring constants. Eqs. (42)–(45) can
be expressed in the dimensionless form as
Y (2)(0)− βRLY (1)(0) = 0, (46)
Y (3)(0)+ βTLY (0) = 0, (47)
and
Y (2)(1)+ βRRY (1)(1) = 0, (48)
Y (3)(1)− βTRY (1) = 0 (49)
where βRL = kRLl/EI, βRR = kRRl/EI , and βTL = kTLl3/EI, βTR = kTRl3/EI . From the BCs of Eqs. (46) and (47), one can set
Y (2)(0) = βRLY (1)(0); Y (3)(0) = −βTLY (0), (50)
as the arbitrary constants. Hence Eq. (27) can be written as
φ[n](X) =
n−1∑
k=0
[
X4k
(4k)! −
βTLX4k+3
(4k+ 3)!
]
λkY (0)+
n−1∑
k=0
[
X4k+1
(4k+ 1)! +
βRLX4k+2
(4k+ 2)!
]
λkY (1)(0). (51)
From the BCs of Eqs. (48) and (49), we have
[φ[n](1)](2) + βRR[φ[n](1)](1) = 0, (52)
[φ[n](1)](3) − βTRφ[n](1) = 0. (53)
By substituting Eq. (51) into Eqs. (52) and (53), and using Eq. (38), one can obtain
f10(λ) = −βTR − βTRβRL2! +
n−1∑
k=1
λk
[
1
(4k− 2)! +
βRL
(4k− 1)! −
βTR
(4k+ 1)! −
βTRβRL
(4k+ 2)!
]
,
f11(λ) = βRR + βRL + βRRβRL +
n−1∑
k=1
λk
[
1
(4k− 1)! +
βRR + βRL
(4k)! +
βRRβRL
(4k+ 1)!
]
,
(54)
and
f20(λ) = −βTR − βTL + βTLβTR3! +
n−1∑
k=1
λk
[
1
(4k− 3)! −
βTR + βTL
(4k)! +
βTRβTL
(4k+ 3)!
]
,
f21(λ) = −βTL − βTLβRR2! +
n−1∑
k=1
λk
[
1
(4k− 2)! +
βRR
(4k− 1)! −
βTL
(4k+ 1)! −
βTLβRR
(4k+ 2)!
]
.
(55)
By substituting Eqs. (54) and (55) into Eq. (39), the frequency equation is obtained. Then the ith estimated eigenvalue
λ
[n]
i corresponding to n is obtained by Eq. (39), and n is decided by Eq. (34). Hence one can obtain
Y (1)(0) = − f
[n]
10 (λ
[n]
i )
f [n]11 (λ
[n]
i )
Y (0). (56)
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Fig. 2. The clamped beam with rotational and translational boundary constraints at the right end.
Furthermore, the ith mode shape φ[n]i corresponding to the ith eigenvalue λ
[n]
i is obtained from Eqs. (51) and (56).
φ[n](X) = Y (0)
n−1∑
k=0
(λ
[n]
i )
k
{
X4k
(4k)! −
βTLX4k+3
(4k+ 3)! −
f [n]10 (λ
[n]
i )
f [n]11 (λ
[n]
i )
[
X4k+1
(4k+ 1)! +
βRLX4k+2
(4k+ 2)!
]}
. (57)
Case 2: Clamped at X = 0.
The deflection and slope are zero at X = 0. By using the ADM in this case, we set Y (0) = 0, Y (1)(0) = 0, and
Y (2)(0), Y (3)(0) are considered as the arbitrary constants which depend on the given boundary conditions at the right end
X = 1. The n-term approximation in Eq. (27) can be written as
φ[n](X) =
n−1∑
k=0
X4k+2
(4k+ 2)!λ
kY (2)(0)+
n−1∑
k=0
X4k+3
(4k+ 3)!λ
kY (3)(0). (58)
Hence, Eq. (33) can be simplified as
f [n]r2 (λ)Y
(2)(0)+ f [n]r3 (λ)Y (3)(0) = 0, r = 1, 2. (59)
For nontrivial solutions Y (2)(0), and Y (3)(0), the frequency equation is given as∣∣∣∣∣f [n]12 (λ) f [n]13 (λ)f [n]22 (λ) f [n]23 (λ)
∣∣∣∣∣ = 0. (60)
The ith estimated eigenvalue λ[n]i corresponding to n is obtained by Eq. (60), and n is decided by Eq. (34), by substituting
λ
[n]
i into Eq. (59), one can obtain
Y (3)(0) = − f
[n]
r2 (λ
[n]
i )
f [n]r3 (λ
[n]
i )
Y (2)(0), r = 1 or 2. (61)
By following the same procedure as Case 1, one can obtain the ith estimated eigenvalue λ[n]i from Eq. (60) and the ith
eigenfunction φ[n]i
φ
[n]
i (X) = Y (2)(0)
n−1∑
k=0
(λ
[n]
i )
k
[
X4k+2
(4k+ 2)! −
f [n]r2 (λ
[n]
i )
f [n]r3 (λ
[n]
i )
X4k+3
(4k+ 3)!
]
. (62)
Furthermore, let us consider the clamped-free beam, whose right end x = l is connected by translational spring and
rotational spring as shown in Fig. 2. The boundary conditions at x = l are given in Eqs. (44) and (45). By substituting Eq. (58)
into Eqs. (61) and (62), and using Eq. (59), one can obtain
f12(λ) =
n−1∑
k=0
λk
[
1
(4k)! +
βRR
(4k+ 1)!
]
,
f13(λ) =
n−1∑
k=0
λk
[
1
(4k+ 1)! +
βRR
(4k+ 2)!
]
(63)
f22(λ) = −βTR2! +
n−1∑
k=1
λk
[
1
(4k− 1)! −
βTR
(4k+ 2)!
]
,
f23(λ) =
n−1∑
k=0
λk
[
1
(4k)! −
βTR
(4k+ 3)!
]
. (64)
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By substituting Eqs. (63) and (64) into Eq. (58), the closed series form of frequency equation is given as∣∣∣∣∣∣∣∣∣
n−1∑
k=0
λk
[
1
(4k)! +
βRR
(4k+ 1)!
] n−1∑
k=0
λk
[
1
(4k+ 1)! +
βRR
(4k+ 2)!
]
−βTR
2! +
n−1∑
k=1
λk
[
1
(4k− 1)! −
βTR
(4k+ 2)!
] n−1∑
k=0
λk
[
1
(4k)! −
βTR
(4k+ 3)!
]
∣∣∣∣∣∣∣∣∣ = 0. (65)
The ith estimated eigenvalue λ[n]i corresponding to n is obtained by Eq. (65), and n is decided by Eq. (34), by substituting
λ
[n]
i into Eq. (59), one can obtain
Y (3)(0) = −
n−1∑
k=0
(λ
[n]
i )
k
[
1
(4k)! + βRR(4k+1)!
]
n−1∑
k=0
(λ
[n]
i )
k
[
1
(4k+1)! + βRR(4k+2)!
]Y (2)(0). (66)
Furthermore, the ith eigenfunction φ[n]i corresponding to the ith eigenvalue λ
[n]
i is obtained by Eqs. (66) and (60).
φ
[n]
i (X) = Y (2)(0)
n−1∑
k=0
(λ
[n]
i )
k

X4k+2
(4k+ 2)! −
n−1∑
j=0
(λ
[n]
i )
j
[
1
(4j)! + βRR(4j+1)!
]
n−1∑
j=0
(λ
[n]
i )
j
[
1
(4j+1)! + βRR(4j+2)!
] X4k+3(4k+ 3)!
 . (67)
In fact, Eq. (67) is the same as Eq. (57) when βRL →∞, and βTL →∞.
Case 3: Hinged at X = 0.
The deflection and bending moment are zero at X = 0, that is Y (0) = 0, Y (2)(0) = 0, and Y (1)(0), Y (3)(0) are considered
as the arbitrary constantswhich depend on the given boundary conditions at the right end X = 1. The n-term approximation
in Eq. (27) can be written as
φ[n](X) =
n−1∑
k=0
X4k+1
(4k+ 1)!λ
kY (1)(0)+
n−1∑
k=0
X4k+3
(4k+ 3)!λ
kY (3)(0). (68)
Hence, Eq. (33) can be simplified as
f [n]r1 (λ)Y
(1)(0)+ f [n]r3 (λ)Y (3)(0) = 0, r = 1, 2. (69)
For nontrivial solutions Y (1)(0), and Y (3)(0), the frequency equation is given as∣∣∣∣∣f [n]11 (λ) f [n]13 (λ)f [n]21 (λ) f [n]23 (λ)
∣∣∣∣∣ = 0. (70)
By following the same procedure as in Case 1, one can obtain the ith estimated eigenvalue λ[n]i from Eq. (70) and
Y (3)(0) = − f
[n]
r1 (λ
[n]
i )
f [n]r3 (λ
[n]
i )
Y (1)(0), r = 1 or 2. (71)
By substituting Eq. (71) into Eq. (68), one can obtain the ith eigenfunction φ[n]i
φ
[n]
i (X) = Y (1)(0)
n−1∑
k=0
(λ
[n]
i )
k
[
X4k+1
(4k+ 1)! −
f [n]r1 (λ
[n]
i )
f [n]r3 (λ
[n]
i )
X4k+3
(4k+ 3)!
]
. (72)
Similarly, let us consider the hinged-free beam, whose right end x = l is connected by translational spring and rotational
spring as shown in Fig. 3. The boundary conditions at x = l are given as Eqs. (44) and (45). By substituting Eq. (68) into
Eqs. (48) and (49), and using Eq. (69), one can obtain
f11(λ) = βRR +
n−1∑
k=1
λk
[
1
(4k− 1)! +
βRR
(4k)!
]
f13(λ) =
n−1∑
k=0
λk
[
1
(4k+ 1)! +
βRR
(4k+ 2)!
]
(73)
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Fig. 3. A pinned beam with rotational and translational boundary constraints at the right end.
f21(λ) = −βTR +
n−1∑
k=1
λk
[
1
(4k− 2)! −
βTR
(4k+ 1)!
]
f23(λ) =
n−1∑
k=0
λk
[
1
(4k)! −
βTR
(4k+ 3)!
]
. (74)
By substituting Eqs. (73) and (74) into Eq. (70), the closed series form of frequency equation is given as∣∣∣∣∣∣∣∣∣
βRR +
n−1∑
k=1
λk
[
1
(4k− 1)! +
βRR
(4k)!
] n−1∑
k=0
λk
[
1
(4k+ 1)! +
βRR
(4k+ 2)!
]
−βTR +
n−1∑
k=1
λk
[
1
(4k− 2)! −
βTR
(4k+ 1)!
] n−1∑
k=0
λk
[
1
(4k)! −
βTR
(4k+ 3)!
]
∣∣∣∣∣∣∣∣∣ = 0. (75)
The ith estimated eigenvalue λ[n]i corresponding to n is obtained by Eq. (75), and n is decided by Eq. (34), by substituting
λ
[n]
i into Eq. (71), one can obtain
Y (3)(0) = −
βRR +
n−1∑
k=1
(λ
[n]
i )
k
[
1
(4k−1)! + βRR(4k)!
]
n−1∑
k=0
(λ
[n]
i )
k
[
1
(4k+1)! + βRR(4k+2)!
] Y (2)(0). (76)
Furthermore, the ith mode shape φ[n]i corresponding to the ith eigenvalue λ
[n]
i is obtained by Eqs. (76) and (72).
φ
[n]
i (X) = Y (2)(0)
n−1∑
k=0
(λ
[n]
i )
k

X4k+2
(4k+ 2)! −
βRR +
n−1∑
j=1
(λ
[n]
i )
j
[
1
(4j−1)! + βRR(4j)!
]
n−1∑
j=0
(λ
[n]
i )
j
[
1
(4j+1)! + βRR(4j+2)!
] X4k+3(4k+ 3)!
 . (77)
In fact, Eq. (77) is the same as Eq. (55) when βRL = 0, and βTL →∞.
Hence, by using the method of ADM, we can easily solve the vibration problem with various boundary conditions. The
proposed method is very efficient with the aid of symbolic computation.
4. Verifications and examples
In order to demonstrate the feasibility and the efficiency of ADM in this paper, the previous three cases are discussed as
follows. By using the results of the previous cases, one can obtain the natural frequencies andmode shapes of the beamwith
various boundary conditions at both ends. The computed results are compared with the analytical and numerical results in
the literature.
4.1. A clamped-free beam with elastic spring restraints at x = l
Let us consider the clamped-free beam, whose right end x = l is connected by translational spring and rotational spring
as shown in Fig. 2. Following the derivation of the previous Case 2, first we assume βRR = 1, βTR = 1. By solving Eq. (65)
and taking real root for λ, Table 1 for n = 18 is obtained. From this table, we can obtain any eigenvalue one at a time. The
larger the approximate term is, more eigenvalues one can find. From Eq. (34) and Table 1, we have∣∣∣λ[5]i − λ[4]i ∣∣∣ ≤ ε = 0.0001. (78)
Thus, the first eigenvalue, dimensionless natural frequency andnatural frequency corresponding ton = 5 canbe obtained
as
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Table 1
Results of the ith eigenvalues λ[n]i for n = 18 approximate terms
n λ[n]1 λ
[n]
2 λ
[n]
3 λ
[n]
4 λ
[n]
5 λ
[n]
6
2 22.3736 231.5189
3 21.3335 472.0628
4 21.3305 562.1272
5 21.3305 565.6123
6 21.3305 565.6379 4049.8335 9339.5961
7 21.3305 565.6380 4030.2659 13572.9074
8 21.3305 565.6380 4030.0576 14998.4559
9 21.3305 565.6380 4030.0563 15064.5559
10 21.3305 565.6380 4030.0563 15065.4757 40917.1709 62059.3504
11 21.3305 565.6380 4030.0563 15065.4834 40698.4888 81698.4012
12 21.3305 565.6380 4030.0563 15065.4834 40695.3485 89737.8999
13 21.3305 565.6380 4030.0563 15065.4834 40695.3163 90259.8484
14 21.3305 565.6380 4030.0563 15065.4834 40695.3161 90269.0215
15 21.3305 565.6380 4030.0563 15065.4834 40695.3161 90269.1301
16 21.3305 565.6380 4030.0563 15065.4834 40695.3161 90269.1311
17 21.3305 565.6380 4030.0563 15065.4834 40695.3161 90269.1311
18 21.3305 565.6380 4030.0563 15065.4834 40695.3161 90269.1311
(βRR = kRRl/EI = 1, βTR = kTRl3/EI = 1).
Fig. 4. The convergence of the first, second and third natural frequencies (ω1 = 4.6185, ω2 = 23.7831, ω3 = 63.4827).
λ1 = λ[5]1 = 21.3305, (79)
ω1 = ω[5]1 =
√
λ
[5]
1 = 4.6185 (80)
ω1 = ω[5]1 =
√
λ
[5]
1
l2
√
EI
ρA
= 4.6185
√
EI
ρAl4
. (81)
By substituting λ[5]1 into Eq. (67) and normalizing it by Eq. (36), the first mode shape function is given as
φ
[5]
1 = 4.219736X2 − 2.534572X3+ 0.250026X6− 0.0643616X7+0.00105817X10 − 0.000173342X11
+ 9.395323× 10−7X14 − 1.128655× 10−7X15 + 2.728856× 10−10X18 − 2.588020× 10−11X19. (82)
By using the given analytical method [1–4], the first dimensionless natural frequency and mode shape function can be
obtained as
ω
[a]
1 = 4.6185, (83)
φ1
[a] = 0.824132[sin(2.14907X)− sinh(2.14907X)] − 0.946928[cos(2.14907X)− cosh(2.14907X)] (84)
where ω[a]1 and φ
[a]
1 are analytical solutions of the first natural frequency and mode shape function, respectively. From
Eqs. (80) and (83), we deduce that ω[5]1 = ω[a]1 = 4.6185. The results obtained by using Eq. (82) are compared closely with
the analytical results obtained from Eq. (84). Following the same procedure as shown above, the other natural frequencies
and mode shapes can be obtained. In Figs. 4 and 5, as the approximate term number n increases, the natural frequencies
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Fig. 5. The convergence of the fourth, fifth, and sixth natural frequencies (ω4 = 122.7415, ω5 = 201.7308, ω6 = 300.4482).
Fig. 6. The first, second and third mode shape functions.
Table 2
The ith dimensionless natural frequency ωi of a clamped beam, as shown in Fig. 2, for n = 18 approximate terms
βTR ω
[6]
1 ω
[9]
2 ω
[11]
3 ω
[14]
4 ω
[16]
5 ω
[18]
6
10−5 3.5160 22.0345 61.6972 120.9019 199.8595 298.5555
10−4 3.5161 22.0345 61.6972 120.9019 199.8595 298.5555
10−3 3.5166 22.0346 61.6972 120.9019 199.8595 298.5555
10−2 3.5217 22.0354 61.6975 120.9021 199.8596 298.5556
10−1 3.5724 22.0436 61.7005 120.9036 199.8605 298.5562
1 4.0401 22.1257 61.7297 120.9185 199.8695 298.5622
10 6.9639 22.9802 62.0259 121.0683 199.9599 298.6226
102 13.2535 31.5394 65.3525 122.6522 200.8896 299.2366
103 15.1929 47.2833 91.2508 142.8264 212.6209 306.3922
104 15.3957 49.7124 103.1237 174.8169 263.3486 366.3374
105 15.4160 49.9398 104.1387 177.9491 271.2778 383.9985
106 15.4180 49.9624 104.2368 178.2379 271.9568 385.3823
(βRR = kRRl/EI = 0).
ω1 −ω6 converge to 4.6185, 23.7831, 63.4827, 122.7415, 201.7308, and 300.4482 very quickly one by one without missing
any frequency. Those complete natural frequencies which lead to corresponding mode shapes correctly are shown in Figs. 6
and 7.
Finally, the dimensionless natural frequencies ω1 − ω6 for the clamped-free beam with translational spring boundary
condition and no rotational spring boundary condition (βRR = 0) are provided in Table 2. These values are obtained from Eq.
(65) using the 18 approximate terms. From this table, the larger the spring constant βTR is, the larger the natural frequencies
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Fig. 7. The fourth, fifth, and sixth mode shape functions.
Table 3
Results of the ith eigenvalues λ[n]i for n = 18 approximate terms
n λ[n]1 λ
[n]
2 λ
[n]
3 λ
[n]
4 λ
[n]
5 λ
[n]
6
2 73.5340 92.2059
3 47.5095 298.9577
4 47.4140 353.6648
5 47.4138 355.1710 3130.0422 3437.2527
6 47.4138 355.1791 2605.7908 7663.6966
7 47.4138 355.1791 2602.0470 10423.4768
8 47.4138 355.1791 2602.0176 10955.5542
9 47.4138 355.1791 2602.0174 10969.4425
10 47.4138 355.1791 2602.0174 10969.5922 31928.3732 55908.0996
11 47.4138 355.1791 2602.0174 10969.5931 31881.6234 70289.5518
12 47.4138 355.1791 2602.0174 10969.5931 31881.0366 73969.0166
13 47.4138 355.1791 2602.0174 10969.5931 31881.0316 74099.4367
14 47.4138 355.1791 2602.0174 10969.5931 31881.0315 74101.3372
15 47.4138 355.1791 2602.0174 10969.5931 31881.0315 74101.3567
16 47.4138 355.1791 2602.0174 10969.5931 31881.0315 74101.3569
17 47.4138 355.1791 2602.0174 10969.5931 31881.0315 74101.3569
18 47.4138 355.1791 2602.0174 10969.5931 31881.0315 74101.3569
(βRR = kRRl/EI = 0, βTR = kTRl3/EI = 25).
ω1 − ω6 are, and the beam is considered as a clamped-free beam when βTR → 0, and as a clamped-pinned beam when
βTR →∞.
4.2. A pinned-free beam with elastic spring restraints at x = l
We consider the beam as shown in Fig. 3. By using the results of the previous Case 3, first let βRR = 0, βTR = 25, by
solving Eq. (75) and taking real root for λ, Table 3 for n = 18 is obtained. From this table and Eq. (34), let ε = 0.0001, we
can obtain 6 natural frequencies one at a time. In Figs. 8 and 9, the dimensionless natural frequencies ω1 − ω6 converge to
6.8858, 18.8462, 51.0100, 104.7358, 178.5526, and 272.2156 very quickly one by one without missing any frequency and
the results obtained by using Eq. (75) are compared closely with the analytical results obtained from [1–4]. From Eq. (77),
the 6 mode shape functions can be obtained for n = 18, which are shown in Figs. 10 and 11. The first mode shape function
in the present method and analytical method [1–4], respectively, are given as
φ
[6]
1 = 2.991288X − 2.971030X3+ 1.1819032X5− 0.16770X7+0.0185313X9 − 0.00100395X11
+ 0.0000512027X13 − 1.453027× 10−6X15 + 4.250202× 10−8X17 − 7.405998× 10−10X19
+ 1.402940× 10−11X21 − 1.65230× 10−13X23 (85)
φ1
[a] = 1.06326 sin(2.62408X)+ 0.0766831 sinh(2.62408X). (86)
Finally, the dimensionless natural frequencies ω1 − ω6 for the pinned-free beam with translational spring boundary
condition and no rotational spring boundary condition (βRR = 0) are provided in Table 4. These values are obtained from
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Fig. 8. The convergence of the first, second and third natural frequencies (ω1 = 4.6185, ω2 = 23.7831, ω3 = 63.4827).
Fig. 9. The convergence of the fourth, fifth, and sixth natural frequencies (ω4 = 122.7415, ω5 = 201.7308, ω6 = 300.4482).
Fig. 10. The first, second, and third mode shape functions.
Eq. (75) using the 18 approximate terms. From this table, the beam is considered as a pinned-free beamwhen βTR → 0, and
as a pinned-pinned beam when βTR →∞.
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Fig. 11. The fourth, fifth, and sixth mode shape functions.
Table 4
The ith dimensionless natural frequency ωi of a pinned beam, as shown in Fig. 3, for n = 18 approximate terms
βTR ω
[6]
1 ω
[9]
2 ω
[11]
3 ω
[13]
4 ω
[16]
5 ω
[18]
6
10−5 0.0017 15.4182 49.9649 104.2477 178.2697 272.0310
10−4 0.0055 15.4182 49.9649 104.2477 178.2697 272.0310
10−3 0.0173 15.4182 49.9649 104.2477 178.2697 272.0310
10−2 0.0548 15.4183 49.9649 104.2477 178.2697 272.0310
10−1 0.1732 15.4195 49.9653 104.2479 178.2698 272.0310
1 0.5472 15.4312 49.9689 104.2496 178.2709 272.0317
10 1.7156 15.5487 50.0050 104.2669 178.2810 272.0383
102 4.9788 16.7722 50.3724 104.4409 178.3823 272.1046
103 8.9320 26.5041 54.5712 106.3011 179.4301 272.7802
104 9.7724 37.8492 79.5939 128.7893 192.9013 280.7959
105 9.8599 39.3217 88.0170 155.2443 239.7503 339.3959
106 9.8686 39.4628 88.7473 157.6625 246.1221 354.0087
(βRR = kRRl/EI = 0).
Table 5
The first dimensionless natural frequency ω1 of a free–free beam, as shown in Fig. 1, for n = 18 approximate terms
βTL βRL
10−5 10−4 10−3 10−2 10−1 1 10 102 103 104 105 106
10−5 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045
10−4 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141 0.0141
10−3 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447 0.0447
10−2 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414 0.1414
10−1 0.4468 0.4468 0.4468 0.4468 0.4469 0.4469 0.4471 0.4471 0.4472 0.4472 0.4472 0.4472
1 1.4025 1.4025 1.4025 1.4026 1.4030 1.4058 1.4106 1.4121 1.4122 1.4123 1.4123 1.4123
10 4.1304 4.1304 4.1305 4.1317 4.1428 4.2190 4.3608 4.4047 4.4100 4.4105 4.4106 4.4106
102 8.2757 8.2758 8.2769 8.2873 8.3889 9.1789 11.2976 12.2343 12.3611 12.3742 12.3755 12.3756
103 9.6787 9.6789 9.6806 9.6976 9.8637 11.2512 16.3435 19.8865 20.4816 20.5453 20.5517 20.5523
104 9.8502 9.8504 9.8522 9.8700 10.0452 11.5210 17.1727 21.3671 22.0941 22.1723 22.1801 22.1809
105 9.8677 9.8679 9.8697 9.8876 10.0637 11.5487 17.2598 21.5243 22.2653 22.3450 22.3531 22.3539
106 9.8694 9.8696 9.8714 9.8894 10.0656 11.5515 17.2686 21.5401 22.2826 22.3624 22.3705 22.3713
(βRR = βRL , βTR = βTL).
4.3. A free–free beam with rotational and translational restraints at both ends
Let us consider the free–free beam as shown in Fig. 1. By following the derivation of the previous Case 1, one can solve
Eqs. (54), (55) and (39) for various values βRR, βTR, βRL, and βTL. In this paper, we assume βRR = βRL, βTR = βTL and the
first three dimensionless natural frequencies ω1 − ω3 are provided in Tables 5–7 for n = 18. Figs. 12–14 are the three-
dimensional plots of Tables 5–7, respectively. The beam is considered as a free–free beam when βRL → 0, βTL → 0, a
clamped–clamped beam when βRL →∞, βTL →∞. a pinned-pinned beam when βRL → 0, βTL →∞. The present results
show quite a good agreement with analytical [1–4] and the first two dimensionless natural frequencies
√
ω1,
√
ω2 can be
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Table 6
The second dimensionless natural frequency ω2 of a free–free beam, as shown in Fig. 1, for n = 18 approximate terms
βTL βRL
10−5 10−4 10−3 10−2 10−1 1 10 102 103 104 105 106
10−5 0.0173 0.0496 0.1551 0.4894 1.5307 4.3931 8.3363 9.6778 9.8499 9.8676 9.8694 9.8696
10−4 0.0290 0.0548 0.1568 0.4899 1.5309 4.3932 8.3363 9.6779 9.8499 9.8676 9.8694 9.8696
10−3 0.0790 0.0916 0.1732 0.4954 1.5326 4.3938 8.3366 9.6780 9.8501 9.8678 9.8696 9.8698
10−2 0.2454 0.2497 0.2897 0.5471 1.5500 4.3995 8.3390 9.6799 9.8520 9.8697 9.8714 9.8716
10−1 0.7747 0.7760 0.7898 0.9158 1.7140 4.4563 8.3635 9.6989 9.8702 9.8879 9.8896 9.8898
1 2.4466 2.4471 2.4514 2.4940 2.8773 4.9877 8.6046 9.8859 10.0512 10.0682 10.0699 10.0701
10 7.6541 7.6543 7.6554 7.6666 7.7755 8.6041 10.6986 11.5804 11.6982 11.7104 11.7116 11.7118
102 21.7509 21.7509 21.7509 21.7509 21.7511 21.7525 21.7572 21.7597 21.7601 21.7601 21.7601 21.7601
103 36.4461 36.4463 36.4475 36.4594 36.5776 37.6369 42.6040 47.0508 47.8794 47.9695 47.9786 47.9795
104 39.1672 39.1674 39.1691 39.1864 39.3581 40.9281 49.1579 58.0633 59.9158 60.1211 60.1419 60.1440
105 39.4473 39.4475 39.4492 39.4672 39.6447 41.2714 49.8796 59.3101 61.2778 61.4959 61.5179 61.5201
106 39.4753 39.4755 39.4773 39.4953 39.6734 41.3058 49.9521 59.4347 61.4137 61.6330 61.6551 61.6573
(βRR = βRL, βTR = βTL).
Table 7
The third dimensionless natural frequency ω3 of a free–free beam, as shown in Fig. 1, for n = 18 approximate terms
βTL βRL
10−5 10−4 10−3 10−2 10−1 1 10 102 103 104 105 106
10−5 22.3733 22.3737 22.3771 22.4118 22.7503 25.4902 34.0969 38.7240 39.3998 39.4705 39.4776 39.4783
10−4 22.3733 22.3737 22.3772 22.4118 22.7503 25.4902 34.0969 38.7240 39.3998 39.4705 39.4776 39.4783
10−3 22.3735 22.3739 22.3773 22.4120 22.7504 25.4903 34.0969 38.7240 39.3999 39.4706 39.4777 39.4784
10−2 22.3751 22.3755 22.3789 22.4136 22.7520 25.4916 34.0976 38.7245 39.4003 39.4710 39.4781 39.4788
10−1 22.3912 22.3915 22.3950 22.4296 22.7677 25.5047 34.1048 38.7294 39.4049 39.4756 39.4827 39.4834
1 22.5520 22.5523 22.5557 22.5900 22.9245 25.6353 34.1763 38.7783 39.4509 39.5212 39.5283 39.5290
10 24.1414 24.1417 24.1447 24.1754 24.4753 26.9330 34.8918 39.2685 39.9121 39.9795 39.9863 39.9869
102 36.9199 36.9200 36.9211 36.9326 37.0451 38.0169 41.7637 44.2077 44.5902 44.6306 44.6347 44.6351
103 73.3694 73.3694 73.3698 73.3729 73.4041 73.6871 75.0964 76.4604 76.7239 76.7527 76.7556 76.7559
104 87.2336 87.2338 87.2354 87.2514 87.4105 88.9092 98.1465 111.2329 114.4403 114.8072 114.8444 114.8482
105 88.6685 88.6687 88.6704 88.6882 88.8651 90.5358 101.0021 116.1346 119.8450 120.2683 120.3112 120.3155
106 88.8107 88.8109 88.8127 88.8306 89.0093 90.6973 101.2863 116.6140 120.3685 120.7967 120.8401 120.8444
(βRR = βRL, βTR = βTL).
Fig. 12. Plot of the first dimensionless natural frequency (ω1) for a free–free beam with symmetric spring boundary conditions (βRR = βRL , βTR = βTL ,
βRL = kRLl/EI , βTL = kTLl3/EI).
obtained and are listed in Tables 8 and 9. From these tables, one can find that the calculated results in the study compared
with the results of other literature are in close agreement.
5. Conclusion
This paper presents an effective method to solve vibration problems with various elastically supported conditions.
By using the proposed method, any ith natural frequency and mode shape function can be obtained one at a time. The
larger the approximate term n is giving, more natural frequency can be found at the same time. The computed results are
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Fig. 13. Plot of the second dimensionless natural frequency (ω2) for a free–free beam with symmetric spring boundary conditions (βRR = βRL , βTR = βTL ,
βRL = kRLl/EI , βTL = kTLl3/EI).
Fig. 14. Plot of the third dimensionless natural frequency (ω3) for a free–free beam with symmetric spring boundary conditions (βRR = βRL , βTR = βTL ,
βRL = kRLl/EI , βTL = kTLl3/EI).
Table 8
The first dimensionless natural frequency
√
ω1 of a free–free beam, as shown in Fig. 1, for n = 18 approximate terms
βTL βRL = 10−2 βRL = 1 βRL = 102 βRL = 106
Present
n = 18
(I) (II) Present
n = 18
(I) (II) Present
n = 18
(I) (II) Present
n = 18
(I) (II)
10−5 0.0669 – – 0.0669 – – 0.0669 – – 0.0669 – –
10−−4 0.1189 – – 0.1189 – – 0.1189 – – 0.1189 – –
10−3 0.2115 – – 0.2115 – – 0.2115 – – 0.2115 – –
10−2 0.3761 0.376 0.377 0.3761 0.376 0.377 0.3761 0.376 0.377 0.3761 0.376 0.377
10−1 0.6685 0.668 0.670 0.6685 0.669 0.670 0.6687 0.669 0.670 0.6687 0.669 0.670
1 1.1843 1.184 1.187 1.1856 1.186 1.188 1.1883 1.188 1.191 1.1884 1.188 1.191
10 2.0327 2.033 2.036 2.0540 2.054 2.057 2.0987 2.099 2.103 2.1001 2.100 2.105
102 2.8788 2.879 2.879 3.0297 3.030 3.031 3.4978 3.498 3.510 3.5179 3.518 3.531
103 3.1141 3.114 3.114 3.3543 3.354 3.355 4.4594 4.459 4.489 4.5335 4.533 4.567
104 3.1417 3.142 3.142 3.3943 3.394 3.395 4.6225 4.622 4.656 4.7097 4.710 4.748
105 3.1445 3.144 3.144 3.3983 3.398 3.399 4.6394 4.639 4.674 4.7280 4.730 4.767
106 3.1447 3.145 3.145 3.3988 3.399 3.400 4.6411 4.641 4.676 4.7298 4.730 4.769
(βRR = βRL, βTR = βTL). (I) Register’s results [5]. (II) Kim’s results [8].
compared closely with the results obtained by using other analytical and numerical methods. This study provides a unified
and systematic procedure which is seemingly simpler and more straightforward than the other methods.
On the basis of these results, the frequency expressions derived in the present paper can be used in the design of beams
with various supporting conditions.
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Table 9
The second dimensionless natural frequency
√
ω2 of a free–free beam, as shown in Fig. 1, for n = 18 approximate terms
βTL βRL = 10−2 βRL = 1 βRL = 102 βRL = 106
Present
n = 18
(I) (II) Present
n = 18
(I) (II) Present
n = 18
(I) (II) Present
n = 18
(I) (II)
10−5 0.6995 – – 2.0960 – – 3.1109 – – 3.1416 – –
10−4 0.6999 – – 2.0960 – – 3.1109 – – 3.1416 – –
10−3 0.7038 – – 2.0961 – – 3.1110 – – 3.1416 – –
10−2 0.7397 0.740 0.744 2.0975 2.097 2.111 3.1113 3.111 3.136 3.1419 3.142 3.167
10−1 0.9570 0.957 0.963 2.1110 2.111 2.125 3.1143 3.114 3.139 3.1448 3.145 3.170
1 1.5792 1.579 1.589 2.2333 2.233 2.247 3.1442 3.144 3.168 3.1733 3.173 3.198
10 2.7689 2.769 2.785 2.9333 2.933 2.950 3.4030 3.403 3.424 3.4222 3.422 3.444
102 4.6638 4.664 4.681 4.6640 4.664 4.681 4.6647 4.665 4.681 4.6648 4.665 4.681
103 6.0382 6.038 6.039 6.1349 6.135 6.137 6.8594 6.859 6.892 6.9267 6.927 6.964
104 6.2599 6.260 6.260 6.3975 6.398 6.398 7.6199 7.620 7.671 7.7553 7.755 7.817
105 6.2823 6.282 6.282 6.4243 6.424 6.425 7.7013 7.701 7.755 7.8435 7.843 7.908
106 6.2845 6.285 6.285 6.4270 6.427 6.427 7.7094 7.710 7.763 7.8522 7.852 7.917
(βRR = βRL, βTR = βTL). (I) Register’s results [5]. (II) Kim’s results [8].
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